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Abstract. This paper extends de Rham theory of smooth manifolds to ex- 
ploded manifolds. Included are versions of Stokes' theorem, De Rham coho- 
I mology, Poincare duality, and integration along the fiber. The resulting De 

I Rham cohomology theory of exploded manifolds is used in a separate paper 

[2] to define Gromov Witten invariants of exploded manifolds. 
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1. Introduction 

The goal of this paper is to describe a version of de Rham cohomology for 
exploded manifolds which extends de Rham cohomology for smooth manifolds. At 
^-H first glance the most natural extension of de Rham cohomology would be to take 

^ the complex of smooth or C°°'- differential forms on an exploded manifold with 

the usual differential d. Unfortunately, this naive extension does not have good 
properties - for example, in a smooth connected family of exploded manifolds, the 
cohomology defined this way might change. Moreover, the tools of integration and 
Poincare duality are not available for this naive extension. 

Instead, we shall use a sub-complex 17* (B) of C°°'- differential forms on B, 



X 



defined below in definition 1.2 In the case that B is a smooth manifold, ri*(B) 
is the usual complex of smooth differential forms. We shall show in Corollary 1 11. 2| 
that the cohomology iJ*(B) does not change in connected families of exploded 
manifolds. (This fact is nontrivial to prove because families of exploded manifolds 
are not always locally trivial.) As suggested by the names of the sections of this 
paper, many of the standard tools of de Rham cohomology still apply for 17* (B). 



This paper was written during the authors stay at the Mathematical Science Research Institute 
in Berkeley. 
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From now on, some knowledge of the definitions and notation from [2J shall be 
necessary to understand this paper. Recall that coordinates on K" x Tp are given 

by 

Xj : M" X T^' — > M for 1 < j < n 

and 

Zi : — > C*t* for 1 < i < m 

Smooth or C°°'- differential one forms on M" x Tp are given by smooth or C°°'- 
functions times dxj and the real and imaginary parts of z~^dzi. These differential 
forms are not ideal for de Rham cohomology, as even compactly supported forms 
may not have finite integral. 

Example 1.1 (A compactly supported form with infinite integral). 
T} := Tjp has a single coordinate 

Consider the two form a given by the wedge product of the real and imaginary 
parts of z~^dz. Over any tropical point G T} in the tropical part of T}, there is 
a C* worth of points corresponding to a choice of coefficient c of z = ct". On the C* 
worth of points over each tropical point of Tj, a is a nonzero C* invariant volume 
form, so by any straightforward definition of integration, a should have infinite 
integral. Similarly, if a is multiplied by any continuous function / : T} — > K 
which is nonzero when \z~\ = 0, the integral of fa is again infinite. This is because 
fa restricted to the C* worth of points over any point in (0, oo) C Tj is a nonzero 
C* invariant volume form, and hence has infinite integral. 

Recall that 

'O if a > 
c if a = 



and that the topology on T} is a non-Hausdorff topology in which every open subset 
is the puUback of some open subset in C under the map \z~\ : Tj — > C. It follows 
that fa may be compactly supported and still have infinite integral. 

There are several possible fixes to this problem - we shall consider forms which 
do not contain the real part of z~^dzi where it is an obstacle to integration. In 
particular, we shall require that our differential forms vanish on integral vectors, 
which are the vectors v so that vf is an integer times / for all exploded functions 
/. (For example, the integral vectors on T} are integers times the real part of Zg| 
wherever \z~\ — 0.) 

For Stokes' theorem to work out correctly, we shall also require the following 
condition: Given any map / : Tj^ — > B, we shall assume that our differential 
forms vanish on all of the vectors in the image of df. 

As an example to see that some restriction is necessary for Stokes' theorem to 
hold, consider a compactly supported form on T} given by the imaginary part 
of z~^dz multiplied by a smooth, compactly supported function / which is 1 when 
\z~\ = 0. Then the integral of d9 is 2tt rather than 0. 

Definition 1.2. Let r2'^(B) be the vector space of C°°'- differential k forms 9 on 
B so that 

(1) for all integral vectors v, the differential form 9 vanishes on v, 

(2) and for all maps f : TJq — > B, the differential form 9 vanishes on all 
vectors in the image of df . 
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Denote by f2^(B) C r2'^(B) the subspace of forms with complete support. (Say 
that a form has complete support if the set where it is non zero is contained inside a 
complete subset o/B - in other words, a compact subset with tropical part consisting 
only of complete polytopes.) 

Clearly, the usual wedge product, exterior differential, and interior product with 
a C°°'- vectorfield are all defined and obey the usual properties on il*(B). More- 
over, given any C°°'- map g : B — > C, the puUback g* of differential forms sends 
forms in f2*(C) to forms in r2*(B). This is because dg always sends integral vectors 
to integral vectors, and sends any vector in the image of df : TTj^ — > TB to a 
vector in the image of d{g o /). 

Definition 1.3. Denote the homology o/ (fi* (B), d) by H*(B), and the homology 
ofinUB),d) byH*{B). 

We shall show in section [5] that given an assumption about the topology of B 
akin to the existence of a finite good cover, i/*(B) is dual to H*{'B). 

2. Mayer Vietoris sequence 

Below we shall prove that the usual Mayer Vietoris sequence holds. This requires 
partitions of unity, which are constructed in section [Tol 

Lemma 2.1 (Mayer Vietoris sequence). Given open subsets U and V of an exploded 
manifold B, the Mayer Vietoris sequences 

o^n*{uuv) n*{u)(Bn*{v) <^^®'>^^'>^-''-^^ Q*{ur\V) -^o 

are exact sequence of chain complexes. 
Proof: 

The proof is identical to the proof in the case of smooth manifolds given in [T] . 
We shall discuss the first exact sequence first. 

As usual in the Mayer Vietoris sequence, the first map is the direct sum of the 
restriction of forms from U UV to U and V, which is an injective chain map. Then 
the second map is the restriction of forms on U to U OV minus the restriction of 
forms from V to U H V. This is a chain map, and its kernel is the forms which 
agree on U HV, which obviously agrees with the image of the first map. It remains 
to verify that this second map is surjective. Choose a partition of unity ioi U UV 
subordinate to U and V, so we have smooth functions pu and pv on U UV which 
sum to 1 and which are supported inside U and V respectively. Then any form 
eGn*{Ur]V) is the image of pvO®{-puO) e Q* (U) ® n* (V) . 

Now for the second exact sequence. The first map is given by inclusion of com- 
pletely supported forms in UCiV to completely supported forms in U and V. This is 
clearly an injective chain map. The second map is given by inclusion of completely 
supported forms in U to UUV plus the inclusion of completely supported forms in 
V to UUV. Again, it is clear that this is a chain map. The kernel consists of forms 
which cancel each other on U CiV, and which are also supported in U UV. This 
agrees with the image of the first map. To see that the second map is surjective, 
suppose that 9 en* (UUV). Then 9 is the image of pu9 © pv9 G n*(U) ® n*{V). 

□ 
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3. Integration and Stokes' theorem 

We shall show below that if B is oriented and n dimensional, then the integral 
of compactly supported forms in 0*(B) is well defined. 

Example 3.1 (fi^lTj)). 

On T}, the integral vectors arc integer multiples of the real part of Zg| at points 
where \z\ = 0. Any two form in fl^(Tl) must therefore vanish wherever \z~\ = 0. 
What remains is the subset of T} where z G C*. Let \z] = 6""+*^ and denote the 
imaginary part of z~^dz by d9 and denote the real part by dr. If a e f2^(T|), then 

a = f{r, 9)dr A dO 

where / is a smooth function of r and B, and for any 5 < 1, the size of / or any 
of its derivatives is bounded by e^^ as r — oo. If a is compactly supported on 
T}, that corresponds to / vanishing when r is sufficiently large. (Of course, a 
being compactly siipported in T\ does not imply that a is compactly supported in 
C* C T}.) The integral of alpha is finite if a is compactly supported in T\ and 
given by 




/(r, 9)drd9 



Note that in general, a top dimensional form in W (B) will vanish on every strata 
apart from those strata of B which arc smooth manifolds (and therefore have no 
nonzero integral vectors) . We can therefore define the integral of a top dimensional 
form on an oriented exploded manifold B to be the sum of the integrals of this 
form over these smooth strata. This integral is well defined if the integral over each 
smooth strata is well defined and the sum of these integrals is well defined. 

Definition 3.2. If a is a top dimensional form on an oriented exploded manifold 
B, define the integral of a to he the sum of the integral of a over all strata of B 
which are smooth manifolds. 

Lemma 3.3. // a top dimensional form a G n*(B) is compactly supported, then 

the integral of a is finite. 

Proof: 

By using a partition of unity, we may assume that a is compactly supported 
within a single coordinate chart M" x T™. The strata of this coordinate chart 
which are smooth manifolds are the strata over the (zero dimensional) corners of 
the polytope P. As P will have only a finite number of such corners, we need only 
verify the finiteness of our integral over one strata of our coordinate chart. 

We must deal with the fact that our corner of P may not be standard. Pulling 
back a to a refinement of M" x Tp will not change the integral. We may subdivide 
our corner of P so that the corresponding corner of each new cell has exactly m + 1 
edges. Therefore, by taking a refinement and again using a partition of unity, we 
may assume that a neighborhood of the corner of P at our strata is isomorphic to a 
neighborhood of in the image of some integral affinc map applied to the standard 
quadrant [0, oo)™. It follows that our strata is contained in the image of a proper 
map from K" x TJJJ to our coordinate chart which restricted to our strata is a 
covering map of some positive degree. 
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It therefore suffices to prove the lemma for a compactly supported form a € 
X T[[f^)„). Use coordinates [z^] = 6''^+*"'= on our strata. Then 

a = f{x, r, 6) Y[ dxj drk A d9k 

where / is smooth and bounded by some constant times ^fe ^'^ . Furthermore, on 
the support of /, |a;| and r are bounded above. The integral of a on our strata is 
therefore finite and well defined. 

□ 

Define an exploded manifold with boundary to be an abstract exploded space M 
locally isomorphic to (— oo, 0] x M" x Tp . As usual, if M is oriented, the boundary 
9M is oriented in a way consistent with giving the boundary of (— oo, 0] x M" x T™ 
the usual orientation on M" x T™, so a positively oriented top dimensional form 
on 5M is obtained by inserting an outward pointing normal vector into a top 
dimensional positively oriented form on M. We can now state Stokes' theorem for 
exploded manifolds: 

Theorem 3.4 (Stokes' theorem). // M is an oriented exploded manifold with 
boundary and G il*(M), then 

f d0^ [ 
Jm J dm 

Proof: 

We shall use Stokes' theorem for smooth manifolds. Because of the linearity of 
the equation we must prove, we may use a partition of unity to reduce to the case 
when M is covered by a single coordinate chart. Consider the integral of d0 over a 
single strata of the coordinate chart, M' . We must deal with the following problem: 
even though dO is compactly supported on M, it may not have compact support 
on M'. 

The tropical part of M' is a dimensional corner of the polytope M. Identify 
M with a polytope P C [0,oo)™ so that is 0. Using the corresponding map 
M — > we may consider the coordinates Zi from T|JJ^j„ as coordinates 

on M. Consider the hypersurface C Af where | [zi . . . z„i] | = e, oriented as 
the boundary of the region M'^ where | [zi . . . z„i] | > e. Our form is compactly 
supported when restricted to Af^', so we can use Stokes' theorem for manifolds. 

/ d0 = lim I d0^ I 0+ lim / 

Jm' "^OJMi JdM' ^^°Jn, 

Consider the integral 6* as e — 0. Because is compactly supported, it 
vanishes when any smooth monomial is large enough. Because vanishes on integral 
vectors and is one less than top dimensional, vanishes on all strata of M with 
tropical dimension at least 2. Therefore, is bounded by a constant times w^^ for 
any 5 < 1 where S consists of all strata of M with dimension at least 2. (Recall from 
[5] that ws is a finite sum of absolute values of smooth monomials which vanish on 
all the strata in S.) Note that ws is a sum of exponentials, so the integral of over 
the regions where ws is small will also be small. It follows that in the limit e 
the integral is concentrated in the directions corresponding to the edges of M 
attached to our strata, and that 




where iVg is an appropriately oriented hypersurface where |zi . . . z„i| is constant in 
the strata corresponding to an edge e attached to our corner. (The sum is over 
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all these edges.) Because 9 vanishes on integral vectors, and is constant in the 
direction of integral vectors, the integral of 9 over N,. is equal to the integral of 9 
over any appropriately oriented hypersurface in this strata given by {|z"| = c}, so 
long as the integral vectors in this strata are transverse to this hypersurface. The 
fact that the support of 9 is complete implies that if 9 does not vanish on iVg, there 
must be a corner of M at the other end of the edge e. The same calculation of the 
integral of d9 for this other corner will yield a contribution of the integral of 9 over 
Ne with the opposite orientation, so all the contributions from 9 cancel, and 
we obtain that 

[ d9= [ 9 

Jm JdM 

as required. 

□ 



4. COHOMOLOGY OF A COORDINATE CHART 

In this section, we calculate H* for all standard coordinate charts and iJ* for 
coordinate charts M" x T™ for which P is complete. 

Lemma 4.1. Let P C M™ be an integral affine polytope. Suppose that the directions 
of the infinite rays in P span the last k coordinate directions in M'" . Then H* (M" x 
T™) is equal to the free exterior algebra generated by the imaginary parts of z^^dz^ 
for i = 1, . . . ,m — k. 

Proof: 

Note that if M is a smooth manifold, H* (A/) is the usual De Rham cohomology 
of M. There is an obvious map of a torus T™ — > M" x T™ which pulls back 
the above forms to non trivial homology classes in i?*(T™), so Jf*(K" x Tp) must 
contain a copy of the free exterior algebra generated by the above differential forms. 

We shall prove that each class in H*{M." x Tp) may be represented by a differ- 
ential form which is constant in standard coordinates and contains no dxi factors. 
Our proof shall follow the proof of the Poincare lemma in jlj . 

Consider the map K : fl* — > fl*^^ given by 

K{9){xi,X2, ■ ■ ■) = / i 9(s. X9. . . . )ds 

Jo ''"1 

then 

(ii4r(0) = (1 — dxi A i_a_ ) / di a 9(s. x-? . . . )ds + dx^ A i o 9 

flxi Sxi 9x1 

so 

{Kd + dK){9)= / {i^d+ {1 - dxi Ai^)di_^)9{s,X2 ■ ■ ■)ds + dxi Ai^9 

Jq f^l 9^1 3x1 3x1 

Suppose that i_a_9 = 0, then 

9x1 

rxi 

{Kd + dK){9) ^ / L_i^9{s,X2,...)ds^9-9{0,X2,...) 
Jo 

Suppose that 9 = dxi A a where i_d_a = 0. Then 



9x 



rxi 

{Kd + dK)dxi A a = / Ods + dxi 
Jo 

Therefore, in general 



A a 



(Kd + dK)9 = 9 - (1 - dxi A i^)9(0, X2,...,) 

9x1 
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It follows that we can represent the cohomology class of any closed form 6 with 
the closed form (1 — dxi A i_o_)9{Q, X2, • • • , ) which is independent of xi and dxi. 

Similarly, we may represent any class in i/*(M" x Tp) by a form pulled back from 
Tp under the obvious projection map. 

Now we have reduced to the case of differential forms on T™ . The standard basis 
for differential forms on Tp is given by the exterior algebra generated by the real 
and imaginary parts of z~^dzi, so we can consider forms in ri*(Tp) as maps from 
Tp to R-^^"' . (Of course, not all C°°'- maps to M^''" wiU correspond to forms in ft* 
because of the condition that forms in il* vanish on integral vectors.) We wish to 
show that any cohomology class can be represented by a form which is constant in 
this basis. In particular, if P° is the interior strata of P, then we shall show that a 
closed form 9 represents the same cohomology class as epo9. (Using notation from 
the definition of C°°'i in [2].) 

For each strata of P, choose an integral vector a pointing towards the interior of 
P. Choose these vectors consistently so that the vectors for adjacent strata differ 
only by a vector contained within one of the strata. 



\ i 




/ 1 





Then on each strata, consider the vector field 

d 



i—l 

where ^ is the real part of Zi^. This vector field v is not a globally defined 
vectorfield on Tp because it may change by an integral vector from one strata of 
Tp to the next. We can think of as a 'vectorfield defined up to integral vectors'. 
As differential forms S SI* (Tp ) always vanish on integral vectors, 1^,9 is still a well 
defined form in Sl*(Tp) even though v might jump by an integral vectorfield when 
changing from strata to strata. Let ^tv be the flow of the vectorfield v for time t 
on each strata. We will not be overly worried by the fact that does not give a 
globally defined map from Tp to itself. Note that the flow of any integral vectorfleld 
preserves any C°°'i differential form, therefore the ambiguity in the definition of v 
does not affect how forms are changed by the flow of v. Therefore, if 6* e Sl*(Tp), 
then $*„6' e n*(T^) for ah t. 
Given 6* € rj*T^ define 

(1) K9:= f <^*J^9dt 

J —oo 

Now check that K9 € fl* . Note that iy9 vanishes on Tpo C Tp, and travels 
towards this central strata as < — > — oo. The fact that iv9 vanishes on the central 
strata and is C°°'- implies that restricted to any compact subset, there exists a 
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constant c so that 



\%JvO\ < ce 3' 



and similar estimates hold for any derivative of 9. Therefore, on each strata K6 is 
well defined and smooth. It is clear that K9 vanishes on all vectors that forms in 
i7* should vanish on, so it remains to check that K9 is C°°'-. At this stage, the 
reader must be familiar with the section defining C°°'- in [2]. 

Note that for any strata S, es^lyiyd = ^'L^u^S^- Therefore for any collection 
of strata 5, AsK9 = KAs9. We must prove that Wg^ /S.sK9 is bounded on any 
compact subset for any 5 < 1 { and we must prove a similar estimate for any 
derivative of 9). For any < e < 1 — (5, A56' is bounded by a constant times 
Wg^*^ on any compact subset. The weight wg is a sum of absolute values of smooth 
monomials which vanish on P°, so ^l^ws is bounded on compact subsets by a 
constant times e* for t < 0. It follows that $j„Asi„0 is bounded by a constant 
times w^e'* on compact subsets for i < 0. Integrating this gives that Wg^ l^sK9 
is bounded on any compact subset. For any constant vectorfield X, note that 
LxKO = KLx9, so the bounds for the derivatives of 9 follow from the same 
argument, and K9 € 17* (T^). 

Now consider 



{Kd + dK)9= I <S>;^{i^d + di^)9dt = 9 

J —CO 



lim <i>;j = 9-epo 

f — CO 



It follows that ii 9 ^ ri*(Tp) is any closed differential form, we may represent the 
same cohomology class by the constant differential form epo9o. The lemma follows 
as the only constant differential forms in il*{Tp) are the forms mentioned in the 
statement of the lemma. 

□ 

Note that (T})™ has the same cohomology as C™. Using a good cover (con- 



structed in Lemma 10.2), we may use this to prove that the cohomology of the 
explosion of any compact complex manifold relative to a normal crossing divisor is 
equal to the cohomology of the original manifold. 

Corollary 4.2. If M is a compact complex manifold with a normal crossing divisor, 
then the smooth part map 

Expl M ^ M 
induces an isomorphism on cohomology 

[•]* : H*{M) ^ i/*(ExplM) 

More generally, if B has a finite good cover in the sense of lemma \10.S\ and all 
polytopes in the tropical part of P are quadrants [0, 00)™ then [•]* is an isomorphism 
on cohomology. 

Proof: 



Choose a finite good cover {Ui} of B in the sense of Lemma 10.2 so the inter- 
section of any number of these Ui is either empty or isomorphic to M" x T™. By 



assumption the only possible polytopes P are quadrants [0, 00)™. Lemma 4.1 tells 
us that X (TJ)™) is generated by the constant functions. The smooth part 

of M" X (T})™ is M" X C™, so the smooth part map [•] induces an isomorphism on 
cohomology: 

[•]* : i7*(M" X C") ^ x (T})™) 



DE RHAM THEORY OF EXPLODED MANIFOLDS 



9 



Therefore, if B has a good cover by a single open set, our lemma holds. We 
may now proceed by induction over the cardinality of a good cover using the Mayer 
Vietoris sequence from Lemma |2.1| 

Suppose that our lemma holds for all exploded manifolds satisfying our tropical 
part assumption with a good cover containing at most k sets. Then suppose that B 
has a good cover {U, Vi,. . . , Vk}- Let V = lJi=i ^fc- Then our lemma holds for U, 
V and UnV. Then the smooth part map gives the following commutative diagram 
involving Mayer Vietoris sequences 



n*{uuv) — > n*{u)®n*{v) — > n*{ur\V) 

tr-r tr-r©M* tr-r 

n*{\u^u\v^) n*{\u^)®n*{\v^) n*{\u^n\v^) 

Considering the induced maps on the homology long exact sequence and using 
the five lemma then implies that 

[•]* : H*{\U] U \V]) — > H*{UUV) 

is an isomorphism. By induction, our lemma must hold for B so long as B has a 
finite good cover and the tropical part of B contains only quadrants. The tropical 
part of the ExplM contains only quadrants, and Lemma [l . 2| implies that if M is 
compact, ExplM has a finite good cover, so our lemma also holds for ExplAf. 

□ 



Note that it is not true in general that [B] has the same cohomology as B. For 



example, Tj^ has the same cohomology as C*, but the smooth part of Tj^ ^ 
two copies of C glued at 0. 



IS 



Stokes' theorem implies that {a, 9) i-^ J^a A9 gives a bilinear pairing H^CB) x 
iJ"-~'^(B) — > M. where the dimension of B is n. We shall now start to prove that 
in many situations, this pairing is non-degenerate, so Poincare duality holds. 



Lemma 4.3 below computes x T™) for polytopes P which are complete 

and contain no entire lines. Note that computation of H* in the case where P is a 
complete polytope which may contain entire lines follows, because there exists an 
obvious projection map tt : E" x T™ — > M" x T™, so that P' is complete and 
contains no lines, and so that that tt* is a bijection on both fl* and fl*. 

Lemma 4.3. If P is a complete polytope which contains no entire lines, then the 
integration pairing 

{a,d)i~^ aA0 

gives an identification of H*{R" x T'^') with the dual ofH*{W x T^). 
Proof: 

Choose a basis :— \e°'z'"~\} for the smooth monomials on T™. Then consider 
the differential form 



|2 

2 ' ' 



as giving a smooth map 



/ : E" X T' 



p 



pn+m 



by obtaining the first n components of / by inserting and the last m components 
by inserting the real part of Zi^. We shall check below that that this map / is 
proper, and the image of a strata S with k dimensional tropical part is a cone Cs 
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in M"+™ with codimension k. (Throughout this proof, we shall use S to refer to 
both a strata of E" x T™ , and its tropical part which is a strata of the polytope 
P-) 




image of / 

By averaging we may represent any class in H* by a differential form which is 
preserved by the vector fields given by the imaginary part of Zi ^ . Any such closed 
differential form breaks up into a sum of closed differential forms in the form of 
a A /3 where a is closed and vanishes on the imaginary part of Zi and fi is some 
product of the imaginary parts of z~^dzi. Our goal below shall be to show that the 
cohomology class of a may be represented by /*a'. We shall then modify a using 
knowledge of 

Let us examine the map /. 

/ = idK.+;^2|c.i% 

V 

In the above, identify v E Z'" with the corresponding vector in x M'" c M" x M™. 
This formula implies that / is proper and that the image of / restricted to a 
particular strata is contained inside the cone Cs which is M" times the positive 
span of all v so that C„ is nonzero on our strata. Taking the derivative of / gives 

I?/ = idK.+^4|C.|'|i'|'^. 

V 

Where 

m 
i=l 

and dr.i indicates the real part of z~^Zi. If we regard the vector space with basis 
as E"+'", then tt^ indicates orthogonal projection onto the subspace 
spanned by v. Regarded this way, Df is a symmetric, positive semidefinite matrix. 
It follows from this formula that on any particular strata S, Df is surjective onto 
the tangent space to the cone Cs- Combined with the properness of /, this implies 
that the image of / restricted to S is the interior of this cone Cs- 

Note that our differential form a restricted to any strata S must be equal to the 
pullback under / of some differential form a', which is a smooth differential form 
on the interior of Cs- In general, it will not be true that a' comes from a smooth 
differential form on - for that we shall need to modify a. 

Consider the operator K defined in equation [T] in the proof of |4.1| Choose some 
compactly supported smooth function p on T™ which is 1 in a neighborhood of the 
interior strata P° of T™ , and modify a to the form a + dpKa. This modified form 
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(which we shaU again call a) is still compactly supported, but has the property 
that in a neighborhood of this interior strata, a is the puUback of some smooth 
form via the composition of the map / with the orthogonal projection to Cpo . 

Suppose that for all strata S of P with dimension greater than k, there exists 
a neighborhood of S on which a is the pullback of a smooth form under the com- 
position of / with the orthogonal projection to Cg. We shall now modify a so 
that the same holds for the strata S with dimension k. Let F indicate the smallest 
face of P which contains S (in other words F is the closure of 5 C P). Using the 
implicit function theorem for exploded manifolds proved in [5], we may identify a 
neighborhood of our strata S with E" x (C 

*)m-fc X so that / composed with 
orthogonal projection to Cs is equal to esf and so that these neighborhoods for 
different strata S of dimension k do not intersect. Let K be the operator defined 
in equation [T] for these new coordinates. Our inductive hypothesis ensures that 
where defined, the form Ka vanishes on a neighborhood of the strata with higher 
dimensional tropical part. Let p be a compactly supported function on which 
is 1 in a neighborhood of T|. C Tp. Then pKa is a compactly supported form, 
and we may modify a to a ~ dpKa without changing its cohomology class in H* . 
Doing the same for all strata S of dimension fc, we get a modified a which satisfies 
the required condition. 

We may therefore modify a so that each strata S has a neighborhood so that a 
is the pullback of a smooth form under / composed with orthogonal projection to 
Cs- It follows that this modified form a is f*a' for some smooth closed form a on 
R". 

Use dOi to indicate the imaginary part of z~'^dzi. We now have that is 
generated by differential forms f*a' A/3 where /3 is some product of the dOi. Choose 
some standard form ao with integral 1 which is compactly supported in the interior 
of the image of /. We shall now show that we may exchange a' for (J a')ao. 
Assume that the span of the unbounded directions in P is the plane given by the 
first k coordinate directions. If /3 contains d9i---d9k, then a' must vanish on 
the boundary of IJ5C5, therefore a' is compactly supported inside the interior of 
UgCs (which is diffeomorphic to Therefore 



a' — (i7 = ao j 01 



where 7 is compactly supported inside the interior of IJg Cg. As /*7 A /3 € fi*, the 
modified form (J Qf')/*ao A /? represents the same class in iJ* as a A /3. 

Suppose that some unbounded strata S* of P is contained in the first coordinate 
plane. If /3 does not contain dOi, then a' is not required to vanish on C5, which is 
a codimension one face of the image of /. In this case, we may choose a compactly 
supported form 7 which vanishes on the cones which a is required to vanish on, 
and for which ^7 = a on the image of /. As /*7 A /3 € fi*, we have that in this 
case a A P represents the zero cohomology class in H*. Similarly, if /3 does not 
contain d9i . . . dOk, /3 is a sum of forms which vanish in a similar fashion on some 
unbounded dimension 1 strata, so a A /3 = G if * . 

In conclusion, we have shown that H* is generated by forms 

raoAd6i---d6kAP 



where /3 is some product of dOi for k < i < m. Lemma 4.1 showed that H* is 
generated as an exterior algebra by dOt for k < i < m. The integration pairing on 
our space of differential forms times H* is therefore nondegenerate, therefore all 
the above forms represent independent classes in H*, and the integration pairing 
identifies H* with the dual of H* as required. 

□ 
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5. POINCARE DUALITY 

Theorem 5.1 (Poincare duality). // B is a complete oriented exploded manifold 
so that each map T — > B is constant, then the integration pairing gives an iso- 
morphism between iJ*(B) and its dual. 



More generally, ifB has a finite good cover in the sense of Lemma 10.2 and each 
polytope in the tropical part of B is complete and contains no entire lines, then the 
integration pairing identifies _ff*(B) with the dual of H*(Q). 

Proof: 



We shall use Lemma [1 ■ 2| which states that any complete exploded manifold B 
must have a finite good cover by open sets so that any intersection is isomorphic 
to a standard coordinate chart M" x Tp. The condition that each map T — > B 
is constant implies that the polytope P contains no entire lines, so we may apply 
the result of Lemma |4.3| to know that the integration pairing identifies the dual 
of H*{W X T™) with x T™). The proof may now proceed as in the case 

of smooth manifolds by induction over the size of our open cover using the Mayer 



Vietoris sequences from Lemma 2.1 



In particular, suppose that the dimension of B is n. Define the differential 
d' = (— 1)"+^^^^^ on rijf. The Mayer Vietoris sequence obviously is still exact for 
this new differential, and the homology of {n*,d') is obviously the same as the 
homology of {ft*,d). This sign modification allows the following formula: 

(da) A/3 ^ / a Ad' (3 

B Jb 

Let C* denote the dual chain complex to (ri*,(i'). The above formula implies that 
the integration pairing on any oriented n dimensional manifold gives a chain map 
ft* — > C* . Wc shall now verify that the corresponding map between Mayer Vietoris 
sequences is commutative 

— ^ n*{uuv) — > n*{u)®n*{v) — ^ n*{unv) — ^ o 
— ^ a,{uuv) c,{u)(sC4v) — ^ aunv) — ^ o 

Following a e fl*{UUV) across and down, then evaluating on /3i®/32 G ri*(C/)® 
fl*c{V) gives 



a A /?! + / a A (32 
'u Jv 

Following a down and across, then evaluating on /3i ® /32 gives 

aAil3i+(32) 

uuv 

Therefore the first square commutes. The commutativity of the second square 
amounts to the equation 



(ai - as) A /3 = / ai A (3 + as A (-/3) 
unv Ju Jv 

where /3 is compactly supported in U HV. 

Therefore, taking homology gives a commutative diagram 

The downward arrows above are given by the integration pairing. Say that Poincare 
duality holds if this integration pairing map is an isomorphism. The Five Lemma 
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implies that if Poincare duality holds on [/, V and U OV, then Poincare duality 
holds onUUV. 

Suppose that Poincare duality holds on all oriented exploded manifolds satisfying 
our assumptions on their tropical part and having a good cover containing at most 
k members. Suppose that B satisfies the tropical part assumptions and has a 
good cover {Ui, . . . , Uk+i}- Then Poincare duality must hold for Uk+i, Ui=i 
and Uk+i n lJi=i ^i- The above argument then gives that Poincare duality must 
hold for B. By induction starting with Lemma 4.3 Poincare duality must hold for 
all oriented exploded manifolds that admit a finite good cover and which have a 
tropical part containing only complete polytopes that contain no lines. Lemma [l0.2| 
states that complete exploded manifolds have a finite good cover, and our theorem 
follows. 

□ 



Note that Poincare duality as stated in Theorem |5.1| does not imply the usual 
relationship between intersections of submanifolds and wedge products of Poincare 
duals. We will explore this relationship more when we return to Poincare duality 
in section [8l 



6. Integration along the fiber 

In this section, we define integration along the fibers f\ for suitable maps /. 
Given a C°°'- map / : A — > B, and a compactly supported differential form 9 
on A, we may regard 9 as a current (something dual to the space of differential 
forms), then push forward this current to obtain a current on B. If this current on 
B is also represented by a differential form, we call this differential form f]{d). In 
particular, when it exists, f\9 has the property that for all differential forms a on 
B, 

[ aAf.9= I {ra)A9 
Jb J a 

In the case of smooth manifolds, f\ exists if / is a submersion. In our case, we 
must be careful that df restricted to the subspace spanned by integral vectors is 
also surjective. 

Theorem 6.1. Let A and B be oriented exploded manifolds, and suppose that 
f : A — > B is a C°°'- map which satisfies 

(1) f is a submersion in the sense that 

df : T,A r/(,)B 

is surjective 

(2) 

df : ^TxA — !• ^T(j(2.))B 

is a surjective map on integral vectors 

Then if the fiber of f is n dimensional, there exists a linear chain map f\ : f2*(A) — > 
Q*~"'(B), with the property that 

I aAf,9= I f*aA0 

Jb J a 

for allae n*{B). 

If all polytopes P in the tropical part of B are complete and contain no entire 
lines, then f\{9) is uniquely determined by the above property. 
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Proof: 

The discussion on fiber products in [2] implies that each fiber of / is a C°°'- 
exploded manifold. The top wedge of the cotangent space of the fibers is a C°°'- 
vector bundle over A, and the fact that / is a submersion implies that the pullback 
of /\ r*B is a vector bundle over A, therefore the tensor of these two bundles is a 
C°°'- vector bundle E over A. From 6 G ri*(A), we can associate a C°°'- section 
9' of E as follows: inserting a top dimensional pollyvector v tangent to the fiber of 
/ into the righthand places of gives a form 9 Av which vanishes on the kernel of 
df. Therefore 9 Av must be a section of the pullback of /\ r*B. The we may define 
9' as the unique section of E so that 9'{v) — 9 Av. It is obvious that this definition 
of 9' does not actually depend on the choice of top dimensional polyvector v. As 
9 has complete support and vanishes on all the relevant vectors, 9' restricted to 
the fiber /"^p) is in Q.'^if^^ip)) (g> /\T*B. Orient the fibers of / so that if a is 
a volume form on B and /3 is a volume form on the fibers of /, then f*a A /3 is a 
volume form on A. 

We may therefore integrate 9' along the fiber f^^{p) to obtain a form f\{9){p) G 
/\T*B. We must now verify that f]9 defined this way is in ri*(B), and verify that 
it satisfies our defining property. 

As / is a submersion, any C°°'- vector field v on B may be lifted to a C°°'- 
vectorfield -D on A so that df{v) — v. Let ^ta indicate the fiow of the vectorfield v on 
A and $t„ indicate the flow of the vectorfield v on B. We have that /o$t{) — $^0/ 
and f\ o $*- ~ 0/1. As the map fi is linear, and ^Ivi^^) is differentiable in t, 
f\^ly9 is also differentiable in t and 

f,L,{9)=L,f,{9) 

Given a vector field on B, note that that the section (i^^)' of our bundle E 
does not depend on the choice of lift v. If at p, v is an integral vectorfield, then the 
second assumption on / implies that given any point q G f~^(p), we may choose 
our lift V so that w is a linear combination of integral vectorfields at q, therefore 
{iv9)' vanishes around q. Therefore {iv9)' vanishes on f~^{p), so f\9 vanishes on 
integral vectors. Similarly, given any map of Tjp passing through p ~ /(<?), the 
second assumption above on / implies that this map may be covered by a map g 
of T^p to A composed with / so that the image of g contains q. It follows that 
if V is in the image of such a map, {iv9y must vanish. Therefore f\{9) must vanish 
on the tangent space of the image of any map from TJq Therefore, f\9 vanishes 
on all the vectors which it should vanish on. 

As the image of any complete set is complete, f\9 has complete support. There- 
fore, to check that fi{9) G f^*B, it remains to check that f\{9) is C°°'-. To do this, 
we work locally in a single coordinate chart U' on A and U on'B. Our assumptions 
on / imply that the image of every strata of lf_ under / is a strata of U. By modi- 
fying our chart U' using the implicit function if necessary, we may assume that the 
pullback of monomial functions from U are monomial functions on [/'. It follows 
that given any strata S of U' and C°°''- function g on B, esf ° g — ef(^s)9- Note 
that /i {9} depends only on position in \U~\ - if p and p' have the same image in 
\U~\, then the integrals used to compute f\9 are the same on the fiber over p and 
p' . It follows that esf\9 makes sense. 

Given any set S of strata of U, let S' be the set of strata of Lr_ sent to S by /. 
Let S* be a single strata of U. Then 

Tes' 
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If Ti and T2 are two distinct strata in S", then CTiGTa^' ~ 0, so 
It follows that for any set S of strata of [/, 

As/!0 = /!(A5'0) 

As df is surjective on integer vectors, every smooth monomial which vanishes on 
all strata in S' is divisible by the pullback of a smooth monomial vanishing on all 
strata in S. Therefore, we may choose ws' = f*ws- It follows that 

As we already have that Lyf\6 = f\Ly9, it follows that f<9 is C°°'- if 9 e ill . So 
f,9en*iB) if 6le f7*(a). 

We have defined our map f\ in the same way as the integration over fibers map 
for smooth manifolds with the sign convention chosen so that J aAf\9 = J f*a/\9. 
(See for example [IJ.) As our integrals are just defined as a finite sum of integrals 
over smooth manifolds and this formula holds for smooth manifolds, it also holds 
for us: 

/ f*aA9= I aAf,9 

J A Jb 

The above formula uniquely characterizes f\ in the case that A and B are smooth 
manifolds. A quick calculation using Stokes theorem gives that 

[ f*aAd9= [ a/\df,9 

therefore, in the case of smooth manifolds /i is a chain map. As our f\ is simply 
obtained by a sum of f\ for smooth manifold components, our fi is also a chain 
map. 

□ 



7. Fiber products and integration along the fiber 



In Lemma 7.3 below, we shall show that /i transforms well under fiber products. 
In order to do this, we need to specify the orientation convention we shall use for 
fiber products. Fiber products of exploded manifolds are defined in [2]. It is also 
shown in [5] that if / and g are transverse, then the derivatives of the maps in the 
following commutative diagram 

A/XgB A B 



ig' ig 
A Ac 



give a short exact sequence 



T(p,,P.) (A /X, B) ^^^^ T,,A X r,,B r/(,,)C 

In other words, the same relationship between tangent spaces as in the case of mani- 
folds holds, so we may orient fiber products of exploded manifolds as we orient fiber 
products of manifolds. In particular, the above exact sequence and commutative 
diagram imply that 

• df gives an isomorphism between ker dg' and ker dg 

• df gives an isomorphism between coker dg' and coker dg 

• dg' gives an isomorphism between ker df and ker df 

• dg gives an isomorphism between coker df and coker df 

• ker d{g o /') = ker df ker dg' ^ ker df ® ker dg 
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• coker d{g o f ) ^ coker df ® coker dg. 

Definition 7.1. Given a map of oriented vector spaces A : X — > Y we shall use 
the following shorthand for an orientation convention for hsi A relative coker A. By 
saying the identification 

coker A® X ^kerA^Y 

is an oriented isomorphism, we mean that given any metric on X and Y , the natural 
map 

A' : coker A®X — > ker A ® y 

is an oriented isomorphism. This map A' restricts to coker A to he the identification 
o/ coker A with the orthogonal complement of A{X) C Y , and restricts to X to he 
the orthogonal projection onto ker A and the map A. 

Of course, the relative orientation ofkevA and coker A given by the isomorphism 
A' does not depend on the choice of metrics on X and Y . 

We shall find the following way of arranging kernels and cokernels convenient. 

coker df TA / x g B ® coker dg = ker df © TC © ker dg 

Definition 7.2 (Orientation convention for fiber products). Let A, B and C he 

oriented exploded manifolds, and let f : A — > C and g : B — > C be transverse 
maps. Orient ker df relative to coker df so that the identification 

coker d/ © TA = ker df © TC 

is an oriented isomorphism. On the other hand, orient ker dg relative to coker dg 
so that the following identification gives an oriented isomorphism: 

TB © coker dg = TC © ker dg 

Then orient TA fXgB so that the following identification is an oriented iso- 
morphism: 

coker df © TA / x g B © coker dg = ker df © TC © ker dg 

The reader unfamiliar with this orientation convention should verify the following 
observations: 

(1) The above convention agrees with the usual convention for orienting prod- 
ucts. 

(2) Given two transverse submanifolds A and i? of a manifold M, with normal 
bundles Na and Nb oriented by the convention 

TA®Na^ TM and TB ® Nb = TM 

then An B considered as a fiber product is oriented so that 

T{A n B) ® Nb ® Na = TM 

Be warned that some readers may consider this the usual convention for 
orienting B O A\ See also example |8.2[ 

(3) The orientation of B g x j A differs from the orientation of A / x g B by 

^ (dim A— dim C)(dim B — dim C) 

(4) The above convention for orienting the tangent space at a point of A /Xg B 
does give a well defined orientation on A /Xg B. (You must check that 
deforming df and dg continuously doesn't lead to any discontinuous change 
in orientation convention.) 



DE RHAM THEORY OF EXPLODED MANIFOLDS 



17 



(5) If the normal bundle ofA/XgBcAxBis identified with the puUback 
of TC using df — dg, then the identification 

T(A /XgB)®TC = r(AxB) 

changes orientation by the sign 

^ "l^^dim B dim C 

Of course, if we used dg — df to identify our normal bundle with the pull 
back of TC, then the sign would be (_i)dimC(dimC+dimB)^ ^^^j^j^^j^ ^^^^^^ 

with the convention found on page 114 of [5]. 

(6) The above convention makes the fiber product associative in the sense that 
where defined, 

A fXgok' (B C) = (A fXg B) ho/'Xfc C = (A /Xg B) //x^/ (B h^k C) 

The proof of associativity is not entirely trivial - a sketch is below. It helps 
to consider the following commutative diagram: 



(A /Xg B) f,Xk' (B C) 


1"^ 


BftXfcC ^ 


c 


ifc" 






ik 


A fXgB 




B A 


M2 


ig' 


A 


ig 




A 


Ml 





Note that df, df and df" have the same kernel and cokernel. Our orien- 
tation convention is equivalent to requiring that the relative orientations 
of these kernels and cokernels are the same, and that the orientations of 
A /X g B is such that the following identifications are oriented isomorphisms 

coker d/' ® TA / x g B = ker df ® TB 

coker df ®TA = ker df ® TMi 

It follows that 

A fXgok- (B hXfe C) = (A fXg B) f>Xk' (B h^-k C) 

Similarly, our orientation convention can be described only considering 
the downward pointing maps. All is as above, except that the kernels and 
cokernels now go on the right in the above identifications. It follows that 

(A /XgB) hof'-Xk C = (A /XgB) }>Xk' (B h'X-k C) 

Lemma 7.3. Suppose that A, B and C are oriented exploded manifolds, f : A — > 
B satisfies the conditions enumerated in Theorem \6.1\ for f\ to exist, and g : C — > 
B is a complete C°°— map. 

Consider the following commutative diagram involving the fiber product of g and 

/•■ 

CgXfA A C 

ig' ig 

A A B 

Then f also exists, and the following diagram is commutative 

n^iCgXfA) A n:{c) 
t (g')* t g* 
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Proof: 

As g is complete, g' is also complete, therefore 

(g'r ■.n:iA)^nliC gXf A) 

is well defined. 

As noted in the section on fiber products in [2], if / is a submersion and df is 
also surjective on integral vectors, /' is a submersion which is also surjective on 



integral vectors. Therefore /' satisfies the conditions of Theorem 6.1 and f( exists. 

It remains to verify that 5*0/1 = f! ° g'* ■ Note that g' gives an isomorphism 
between the fibers of /' and the fibers of /. When we consider {g')*{9) as a top 
form ((.g')*(^))' t^^e fibers with values in (/')* /\T*C, this form can be obtained 
from the corresponding form 9' by applying (5')* ® (/'* 05*). So 

{{g'no))' = {g'T ® (r ° 9*m e nmrrHp)) ® {n*/\T;c 

As we obtain f!{g')*0 by integrating {{g')*{0)y along the fibers of /', if the fibers 
of /' are oriented the same as the fibers of /, 

9*oM0)^f(o{gr{0) 
Recall that to define integration along fibers, we orient so that 

TB e ker df = TA 

and 

TCekerd/' = TC gXf A 
On the other hand, to orient C ^ x y A, we make the oriented identifications 

coker dg TC = ker dg ® TB 
TA = TB ® ker df 
coker dg ® TC g x / A = ker ® TB ® ker df 

Inserting the first of the above three equations into the last equation then gives 
that 

TCgXy A = TC©kerd/ 

is an oriented isomorphism. Therefore, with our orientation convention, the fibers 
of / and /' have the same orientation. It follows that 

9*ofm = f!o{gr{e) 

as required. □ 

8. POINCARE DUALITY AND FIBER PRODUCTS 

In this section, we consider the relationship between Poincare duality and fiber 
products. In particular, we consider the relationship between Poincare duality 
and refinements, and the relationship between Poincare duality and intersection 
products. 



Suppose that B' — > B is a refinement map. The corresponding inclusion 
i?*(B) — > _ff*(B') need not be an isomorphism. For example, suppose that B 
is a refinement of T" corresponding to subdividing E" into a toric fan. Then 
jy*(B) is isomorphic to the cohomology of corresponding toric manifold [B]. Fur- 
ther subdividing this toric fan will produce a toric manifold with higher dimensional 
cohomology. 
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Suppose now that we have a map / : C — >■ B where C is a complete oriented 
exploded manifold and Poincare duality holds for B. Then there exists some closed 
form e € rj*(B) so that for ah a € n*(B), 

1 f*a^ I a AO 
Jc Jb 

This form 6 may be unsatisfactory for the following reason: Given any refinement 
B' — > B, the fiber product gives a refined map /' : C — !• B'. Ideally, the pull 
back of 6 to B' will then be the Poincare dual to /', but this may not be the case 
because there may be classes in 7J*(B') which are not pulled back from classes in 
H*{B). 



Lemma 8.1. Suppose that C is a complete exploded manifold and f : C — > B is 

a C°°'i map so that 

df : ^TxC — !• ^Tf(_^-^'B 

is surjective. Then given any neighborhood N of /(C) C B, there exists a closed 
form 9 € r2*(B) supported in N which is Poincare dual to f in the sense that 

/ a A 6*= / f*a for all closed a e il* {B) 
Jb Jc 

Suppose that g : A — > B is any complete C°^'- map transverse to f . Then g*9 is 
Poincare dual to the map f below 

A.XfC ^ C 



A A B 



m the sense that 



I aAg*9= f [f'Ta for all closed a E n* (A) 

Proof: We can extend / to a submersion h : Cx M" — > B satisfying the conditions 
of Theorem 6.1 (Here h extends / in the sense that h{p,0) — f{p)-) Choose a 
compactly supported form on M" which integrates to 1, consider this form as 
a form on C x M" , then integrate along the fibers of h to obtain 

e := h,9o e 0*(B) 

This form 9 represents the Poincare dual of /. In particular, suppose that 
a e f2*(B) is closed. Then our adaptation of Stokes' theorem, Theorem 3.4 implies 
that 



Therefore, 



/ h*a= [ h*a= [ f*a 

jcxkccxR" Jcxo Jc 



aAh,9o = / /i*aA 6*0 = / f*a 

B JcxR" Jc 



Therefore, 9 = h\9o is Poincare dual to /. By choosing 9o supported close to 
e M" we may arrange that 9 is supported close to the image of /. 

Given our complete map g transverse to /, we may now consider the fiber product 

AgX,i(CxM") ^ C X M" 
ih' ih 
A 4 B 
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Applying Lemma 7.3 gives 

g*e^g*{h,ieo))^h\{{griOo) 

so 

' aAg*0^ f {hyaAig'neo) 

A J A ,Xft(CxR") 

Define the map r : [0, 1] x C x M" — ^ B by 

r{t,p, x) — h{p, xt) 

fip) — h{p, 0) and / and h are transverse to our new map r is also transverse 
to g, so we may take the fiber product 

A gX^ ([0,1] X C X M") ^ [0, l]xCxM" 

A 4 B 

As g is complete, g' is also complete, so {g')*Oo is completely supported. We 
may now apply Stokes theorem. Our map r restricted to i = 1 is /i, and restricted 
to i = is 

r{0,p,x) ^ f{p) 

Associativity of fiber products then implies that the corresponding boundary of 
A gX^ ([0, 1] X C X M") is equal to {A gXf C) x M". Then 

{hraAig'neo)^ f (/')*(«) A 00 

A gXh(CxR'«) J(AgX/C)xR" 

where in the above, and 6q indicate the puUback of the corresponding 

forms on A g X / C and M" respectively. Therefore, 



aAg*e^ (/')*(") A ^?o = / (/T« 

lA J{A gXfC)xR" JAgXfC 

as required. 

□ 



Example 8.2 (Intersection of submanifolds and Poincare duality). 

suppose that A and C are complete exploded manifolds which are submanifolds 
of the exploded manifold B in the sense that they can be locally described as the 
inverse image of a regular value of some C°°'- M" valued function. Then we may 
use the construction of Lemma |8.1| to construct Poincare duals and 9c to A 
and C. If A and C are transverse, then Lemma |8. 1| implies that the 0c restricted 
to A is Poincare dual to A n C. 

Therefore 

/ a = / aA6c= / a A 9c A 6a 

So the Poincare dual to A n C is 6*0 A 6'a. So with our sign convention intersec- 
tion products correspond under Poincare duality to wedge products with the order 
reversed. 

Be warned that if neither A or C are submanifolds in the above sense, the above 
formula may not hold. For example, let B be a refinement of corresponding to 
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dividing into the standard quadrants, and consider A :— {zi = 22} C B and 
C : {{zi + Z2 + It^) e Ot"*} C B. Note that for any 9 S f7*(B) 

Jc Jc 

where C := {zi = —Z2}- This is because 9 must vanish out where C and C differ. 
Therefore, the Poincare duals of C and C are the same, so if the usual relationship 
between intersections and wedge products held, the Poincare dual of A n C should 
be equal to the Poincare dual of A n C. But A H C is a single point and An C 
is empty. 

The solution to this problem is to allow a more flexible class of differential forms 
called refined forms. 

9. Refined cohomology 

Definition 9.1. A refined form 9 e ^rj*(B) is choice 9p G /\T*{B) for all p G B 
so that given any point p € B, there exists an open neighborhood U of p and a 
complete, surjective, equidimensional submersion 

r:U' — >U 

so that there is a form 9' G VL*{U') which is the pullback of 9 in the sense that if 
V is any vector on U' so that dr{v) is a vector based at p, then 

9'{v) - 9p{dr{v)) 

A refined form 9 G '"il*(B) is completely supported if there exists some complete 
subset V of an exploded manifold C with a map C — >■ B so that 9p — for all 
p outside the image of V . Use the notation 'T2* for completely supported refined 
forms. 

Denote the homology o/fr2*(B),d) by ''i/*(B) and fr2*(B),d) by ''H*(B). 

For defining the refined cohomology above it should be obvious that 

d : ''n''{B) — > '■f^'^'+i 

is well defined and d^ = 0. Less immediate is the fact that ^fl* (B) is closed under 
addition and wedge products. If 9i and 92 are refined forms, then any point p has 
a neighborhood U with complete surjective, equidimensional submersions 

r, : [/; U 

so that r*9i G fi* ([//). Then taking the fiber product of ri with r2 gives a complete, 
surjective, equidimensional submersion 

r' : Ui y<r2 U2 — >U 

so that r'*{9,) G n*{Ui x^^ C/a)- Therefore, 9i + 6*3 and 9i A 6^2 are in ''n*{B). 

The existence of partitions of unity combined with Lemma |3.3| implies that the 
integral of 6* G ^fl*{B) over B is finite and well defined. In particular if p9 is 
supported in U and the map r : U' — > U has degree m, then 




Note also that given any C°°- map / : A — > B, there is a linear chain map 

/* : ''n*{B) — > '■17*(A) 

defined as usual so that 
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To see that f*9 is actually in ^il*{A), let r : U' — > ?7 be a complete, equidimen- 
sional submersion onto a neighborhood of f{p) so that r*9 E il*(B). Then taking 
the fiber product of r : U' — > B with / gives a complete equidimensional submer- 
sion onto a neighborhood of p so that the puUback of f *6 is in fl* , so f * 6 E ft* (A). 

Our version of Stokes' theorem also extends trivially to refined forms in ''ri*(B). 
If B is a complete exploded manifold the integration pairing on ^H* (B) is non- 
degenerate, but as '"_ff*(B) is in general infinite dimensional, this does not imply 
Poincare duality. 



Theorem 9.2. Given any submersion f 

/, :'-r!:(B) 

uniquely determined by the property that 

Jc 

for all P e ''rj*(B) and a G '■r2*(C). 
Proof: 

Given any point p G C, we may take a refinement of a neighborhood oip so that 
the image of p is contained in a strata which is a smooth manifold. As a smooth 
form on a manifold is determined by its integral against compactly supported forms, 
/i/? around p is uniquely determined by the property /q a A /i/? = J-Q{f*ct) A /3. As 
the right hand side of this equation is linear in /?, it follows that f\ is linear if it 
exists. Stoke's theorem implies that if a e '"51'^ (C), 



: B — > C, there exists a linear chain map 

■ f (r«)A/? 

JB 



/ aAdf,l3^{-l f+' / (da) A = (-1)"+^ / (d/* a) A /3 = / (/* a) A d/3 

Jc Jc JB JB 

SO if fi exists, it is a linear chain map. Using a partition of unity, we may restrict 
to the case that / is a map between coordinate charts U and V and /3 pulls back 
to a form in 51* ([/'). Then, using a partition of unity on [/', we may restrict to the 
case that (3 is supported in a single coordinate chart of U' . By relabeling we do not 
loose generality by assuming that /3 is supported in a single coordinate chart U. 

The tropical part of U and V are polytopes U_ and There exists a coordinate 
chart V' with a complete equidimensional submersion V' — > V so that the image 
of integral vectors from J7 in y is always a full sublattice of the image of integral 
vectors from V'. (The tropical part of V' is V with a different integral affine struc- 
ture.) Then we may choose a refinement V" — > V corresponding to a subdivision 
of V so that /([/) is a polytope in this subdivision. Suppose that a £ ^n*V pulls 

back to a C°°'- form on some V'" — > V Then let V be the fiber product of V' with 
V" and V", and let r : ^7 — > U he the fiber product oiV — >V with f : U — >V. 
Then / : U — > is a submersion which also is surjective on integral vectors. 

implies that there is a linear chain map f\ : fl*{U) — > 



6.1 



Therefore, Theorem 
ni{V) so that 

/ a A Mr* 13)^ / (/* a) A r*^ 
Jv Jo 

for aU a G i}*{V) and /3 G ^ci^)- Considering /i/? as refined form in '"f2*(B), we 
have our map f\. As U — > U has the same degree as V — > V, the above formula 
implies that 

aA/!/3= / {f*a)AP 
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Lemma 7.3 implies that this map f\ is independent of further refinement of V 
and U, so f\f3 depends only on /3 as an element of Ti*(J7), not on f3 as an element 

of n*{u). 

□ 



Lemma 9.3. Suppose that A, B and C are oriented exploded manifolds, f : A — !■ 
B is a submersion, and g : C — > B is a complete C°°'- map. 

Consider the following commutative diagram involving the fiber product of g and 

/•■ 

C,x;A A C 

A ^ B 

Then /,' also exists, and the following diagram is commutative 

t {g'T t g* 



Proof: This lemma has the same proof as Lemma |7.3[ except Theorem |9.2| is used 
instead of Theorem 16.11 

□ 

Even though Poincare duality does not hold for ^H*{'B), the following lemma 
gives an analogue of the Poincare dual of a map from a complete manifold. 

Lemma 9.4. Suppose that C is a complete exploded manifold and f : C — > B 
is a C°°'i map. Then given any metric on B and distance r, there exists a closed 
form 9 e ^Q*(B) supported within a radius r o//(C) which is Poincare dual to f 
in the sense that 

I a A 61= / f*a for all closed a ^''n* (B) 

Suppose that g : A — > B is any complete C°°'- map transverse to f . Then g*0 is 
Poincare dual to the map f below 

A.XfC A C 



A 4 B 



in the sense that 



[ aAg*e^ [ if)* a for all closed a e ''il* (A) 

J A J A gX fC 

Proof: 

The proof of this lemma is identical to the proof of Lemma [SJ] except Theorem 
9.2 is used in the place of Theorem |6.1[ and Lemma 9A_ is used instead of Lemma 

□ 

10. Partitions of unity and good covers 

Throughout, this paper, we are assuming that our exploded manifolds consid- 
ered as topological spaces are second countable. The following lemma constructs a 
partition of unity subordinate to a given open cover of an exploded manifold. 
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Lemma 10.1. Given any open cover {[/«} of an exploded manifold B, there exists 
a partition of unity subordinate to {Ua\- 

Proof: 

Any (second countable) exploded manifold has an exhaustion by compact subsets 
Ki so that Ki^i is contained in the interior of Ki. This follows from the observation 
that this holds for M" x T™, and any (second countable) exploded manifold has a 
countable cover by open subsets isomorphic to M" x T™ . 

A second ingredient needed for construction of partitions of unity is the existence 
of bump functions. There exists a smooth function with compact support which is 
positive on any given compact subset of M" x T™ . Given any point p in an open 
subset U of an exploded manifold, it was proved in 2] that there exists an open 
neighborhood of p contained inside U which is isomorphic to M" x T™ . Therefore, 
there exists a smooth non negative function which is positive at p and which has 
support compactly contained inside U . 

We may now construct partitions of unity as usual. Let {C/q} be any open cover 
of B. For each point p in Ki\ Ki-i, choose a non negative bump function pp which 
is positive at p and which has compact support contained inside i^i+i \ Ki-i and 
some Ua- The sets {pp > 0} form an open cover of B which have a locally finite 
subcover {pp. > 0} for i — 1, . . . . Then pp. is smooth and positive, so we may 
divide our functions pp. by this sum to obtain the required partition of unity. 

□ 

Lemma 10.2. Any compact exploded manifold'B has a finite good cover {Ui} in the 
sense that the intersection of any number of these Ui is either empty or isomorphic 
to M" X T™. 

Proof: 

It was shown in f3^ that any exploded manifold has a cover by equivariant co- 
ordinate charts isomorphic to open subsets of M" x Tp. This means that each 
transition map or its inverse is in the form of a map 

{x,S) {f{x),giix)S°'\. . . ,5„(a;)5"") 

In particular, transition maps of the above type send the lattice of vectorfields N 
generated by the real and imaginary parts of Zi -^^ to a sublattice of the correspond- 
ing lattice in the target. Note that the coordinate charts with more structure are 
those with higher dimensional tropical part, so these equivariant transition maps 
never decrease the dimension of the tropical part. We shall assume that if two 
coordinate charts intersect, the tropical part of one of the coordinate charts is a 
face of the other coordinate chart (recall that the closure of any strata is a face - 
this statement does not assume that it is a codimension 1 face!) 

By using a partition of unity and reducing the size of coordinate charts where 
necessary, we can choose a connection V so that in our coordinate charts, for any 
vector w in the lattice of vectorfields N generated by the real and imaginary parts 

Vu, = and Vw = 
To achieve the above, proceed as follows: in each coordinate chart, the standard 
flat connection obeys the above conditions. Choose a finite partition of unity con- 
sisting of bump functions compactly supported inside our equivariant coordinate 
charts, and average these flat connections using this partition of unity. Consider 
the resulting connection on a coordinate chart K" x T™ . On the open subset of this 
coordinate chart which is the complement of the support of all bump functions sup- 
ported inside charts with lower tropical dimension, the averaged connection obeys 
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the above conditions. We can safely reduce the size of our coordinate chart to 
this open set because the complement is covered by charts with lower dimensional 
tropical part. 

In such a coordinate chart, consider the function \x\^ . When it is small enough, 
this function is (nonstrictly) convex in the sense that restricted to any V-geodesic, 

it has nonncgative second derivative. In particular, if a geodesic has velocity u, 
then the second derivative of |a;|^ restricted to the geodesic is 

yy{d\x\\v) = 2Y^{dx^{v)f +2xi{Vvdxi){v) 

i 

Restricted to vectors in the subspace generated by the above quadratic form 
is positive definite at a: = 0, and therefore positive definite on this subspace for |a;| 
small enough. Let w be any vector field given by a sum of constants times the real 
and imaginary parts of Zi^, then 

Vv+w{d \xf){w) = Vv+w{d \xf {w)) = 
Also, the fact that = Lyj implies that 

V^(d|a;|^) = 

Therefore, 

Vy+y,{d \x\^){v + w)= V„(d \x\'^){v) 

As our quadratic form is positive definite on one subspace and independent of a 
complimentary subspace, it is positive semidefinite, as required. 

Now construct a proper convex function on (a subset of ) our coordinate chart 
M" X T^. Choose some basis {Ca := ft" 5"]} of smooth monomials on T^, and 
consider the function / := |Ca|- Restricted to the subspace spanned by the 
lattice N, this function is convex, as verified by calculation: If Wi indicates the real 
part of z~^dzi{w), then 

For X small, \xf is strictly convex on the complementary subspace to A'' spanned 
by Therefore, if we choose A large enough, then / + A will be convex when 
it is < 1. 

Our connection V on (an open subset of ) M" x T™ defines a connection V on a 
subset of R" follows: Let x denote the projection to M", and let v indicate any lift of 
a vectorfield v from W to M" x T^o so that dx{i) = v. Then V^^V2 := dx(yij,V2). 
Note that every smooth vectorfield on M" x Tpo is independent of Tpo as P° is an 
open polytope so dx(yv:i^V2) is indeed a vectorfield on M". We'll check below that 
our conditions on V ensure that this projected connection is well defined: 

If w is in the kernel of dx, then V^w is also in the kernel of dx whenever v is 
lifted. This implies that dx{'VviV2) does not depend on the choice of lift of vi. The 
fact that VyW = for any w G N implies that if we instead choose w in the kernel 
of dx, then VyW will also be in the kernel of dx. It follows that fia;(Vcj C2) does not 
depend on the choice of lift of V2, and the connection V is well defined. 

Consider the subset U of our coordinate chart given by 
U := |/ + A|a;|^ < e < ^| CR" x 

where e is chosen small enough that f + X\x\^ is still proper and convex on the 
set where / + Xx^ < 2e. Denote this set {/ + Xx^ < 2e} by 2U. Choosing e small 
enough will also ensure that the following two convexity conditions hold for U: 
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(1) The projection [/' of t/ D K" x Tpo to M" is geodesically convex using 
the connection V'. (Note that / + X\xf restricted to U' is the convex 
function A Choosing epsilon small enough ensures that this U' will be 
geodesically convex.) 

(2) U is defined by some finite number of inequalities gi < 1 where each gi is 
a finite sum of positive functions on U' times the square absolute value of 
smooth monomial functions, and gi is proper restricted to each Tp fiber of 
U' X T™. 



By using |a; — p| in place of , we may cover a neighborhood of our coordinate 
chart intersected with R" x Tpo with sets U coming from functions / satisfying 
the above convexity conditions. 

We shall construct our good cover starting by covering the strata with largest 

tropical dimension and then covering strata in reverse order of tropical dimension. 
Suppose that we have a collection of equivariant coordinate charts and a finite 
good cover of all strata of tropical dimension greater than k by sets Ui defined by 
functions fi on our coordinate charts satisfying the above convexity conditions. We 
shall show that we can extend this good cover to strata of tropical dimension k. 

Choose a cover of the strata of tropical dimension k using coordinate charts 
with tropical dimension k so that each of these coordinate charts includes in an old 
coordinate chart via an equivariant map. We may now cover the strata of dimension 
k by open sets U coming from functions / defined in these new coordinate charts 
and satisfying the above convexity conditions, and satisfying the extra condition 
that if U intersects a member Ui of our previously constructed finite good cover, 
then U is contained entirely inside 2Ui. This new collection of open sets together 
with our old good cover is an open cover of the set of strata of dimension at least 
k, which is compact, so we can choose a finite sub cover. It remains to prove that 
this subcover is a good cover. 

The intersection of a finite number of these new sets U satisfying the above two 
convexity conditions above clearly still satisfies these convexity conditions, because 
all transition maps and their inverses are equivariant. Intersection with some of 
the previously constructed Ui then corresponds to restricting to a subset where the 
functions fi + Xi\xf are less than some ej. Restricting a geodesically convex set 
to a set where a convex function is less than ej gives a geodesically convex set, 
so this intersection obeys the first convexity condition above. The condition that 
the transition map between the coordinate chart U and the coordinate chart where 
fi = X^ICjl^ is equivariant, and the fact that the tropical part of U is some face 
of this coordinate chart implies that fi + |a;| in the coordinate chart M" x Tp 
containing U is some sum of positive functions of M" times the square absolute 
value of smooth monomial functions. Therefore the second convexity condition 
also holds. 

It remains to show that a subset [/ C M" x Tp satisfying the two convexity 
conditions above is isomorphic to M" x Tp. Then our new finite cover will be a 
good cover of strata of dimension at least fc, and we can continue extending until 
we have a finite good cover of the entire exploded manifold. The set U' defined 
by n M" X T|,o = U' X T|,o is geodesically convex and open, and therefore 
diffeomorphic to K". We can therefore reduce to the case that U' = M" 

Recall that U is equal to the set where gi < I for some finite number of functions 
gi which are sums of positive functions on M" times square absolute values of 
monomial functions. Choose a diffeomorphism p : [0, 1) — > [0, oo) so that close to 
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0, p{x) — X. The function 

i 

is smooth and proper on each Tp fiber of U. We may assume that these gi are a 
sum of positive functions times the square absolute value of nonconstant monomial 
functions. Note that at each point of T™, there exists a vector v so that for 
all smooth monomials C, v\(^\^ is positive if the smooth monomial ^ is nonzero. 
Therefore, vG > if G 7^ 0. If VG indicates the gradient of G in the T™ direction 
using the standard flat metric, then VG is nonzero whenever G is nonzero. Let v 
be a smooth vectorfield so that dx{v) = 0, < vG < 1 and vG > when G > 0. 
This vectorfield v is complete on U and for any point p ^ U and e > 0, there exists 
some time T so that G{^-tv{p)) < e for all t > T. Let 



G' 

i 

When G is small, G ~ G' ~ J2i9i- Note that G' is proper restricted to T™ 
fibers of M" x T™ and VG' > whenever G' > 0. We can therefore choose some 
smooth vectorfield v' so that v' ~ v on a neighborhood of Tpo , vG' > wherever 
G' > 0, and vG' < 1. 

Consider the map U — > M" x T™ given by the limit as < — > 00 of 

the flow for time —t of v followed by the flow for time t of v' . Note that v' and v 
agree in a neighborhood of M" x Tpo and $-tu eventually brings any point into this 
neighborhood. Therefore, around any point, this limit is simply given by o^_fy 
for some large t. It follows that this map is smooth. It is also obviously invertible, 
as $_tt, also eventually brings each point into a neighborhood of Tpo. It follows 
that U is isomorphic to M" x Tp , and we have completed the proof of our lemma. 

□ 

11. COHOMOLOGY DOES NOT CHANGE IN CONNECTED FAMILIES 

Lemma 11.1. Let tt : A — > M" x T™ be a family of exploded manifolds, where P 
is a bounded polytope. Then given any p d U , the following is an exact sequence: 

— ^ H*{R" X T^) — > H*{A) H*{Tr-\p)) — ^ 

Proof: 

Consider a map / : M"' x t;^+"' — > M" x TJf in the form 

(x,z) h-> {g{x),z"\...,z°'"') 

where g : W" — 5- M" is a surjective linear projection, A ... A a™ is nonzero and 
not a nontrivial integer multiple of any other vector in , and / : Q — > P 

is a complete, surjective map which sends strata of Q to strata of P. The fiber of 
such a map over a point p in T™ is 

f-\p) = M"'-" X (C*)*^ X T^'-*^ 

where S = f^^{p) C Q. As P is bounded and / is a complete map which sends 
strata of Q to strata of P, the vector space spanned by unbounded directions in S 
is the same as the vector space spanned by the unbounded directions in Q. Let I 
indicate the dimension of this vector space spanned by these unbounded directions, 
allows us to compute H* of M" x T^, M"' x T™+'"' and f'^ip). 

dim(i7i(M" X T^)) = m 

dim(iji(M"' X T"+™')) =m + m' -I 



Lemma 



4.1 
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Any nonzero element of iJi(M"' x t;^'+'"' )//*(!*" x i?^(T^)) has nonzero integral 
on some loop contained inside f^^{p), therefore the above dimension count above 
implies that the following is an exact sequence: 

H^M" X T"ji) — > H\W'' X t;^) — ^ H^{f-\p)) 

This in turn implies that the following is an exact sequence 

— > iJ*(M" X T^) — > i?*(M"' X T'^') — > H*{f-^{p)) — > 

because in each case H* is the free exterior algebra on H^. The idea of the rest of 
this proof is to use this local result with Mayer Vietoris and some kind of 'good' 
cover. 

Now reexamine our construction of a good cover in the proof of Lemma |10.2[ 
The first step of this construction was to choose equivariant coordinate charts. It 
is proved in [3] that these equivariant coordinate charts on A can be chosen so 
that the projection tt is an equivariant map in local coordinates. Using the implicit 
function theorem and the fact that tt is a family, we may also assume that in any of 
our coordinate charts which project to contain the interior strata of M" x T™ , the 
map vr is a restriction of some map in the form of / above. The connection V used 
to construct a good cover on A may be chosen so that there is some connection 
7r*V on E" x Tp so that geodesies of V composed with tt are geodesies of 7r*V. 

Chose a point p in the interior strata of M" x Tp . Next, construct a finite good 
cover of Tr~^{p) C A following the construction in the proof of Lemma 



10.2 



Note 

that the open subsets in this cover are constructed as the sets where some convex 
functions are < e. We have some freedom to change this e a little to construct a 
finite good cover {Ui} of tt~^{p) so that there exists a neighborhood iV of p so that 
if U is any intersection of sets in our open cover, either n(U) contains TV, or 7r(t/) 
is disjoint from N. 

By construction, tt restricted to U is equal to the restriction of some map in 
the same form as the map / : M"' x — ^ M" x considered above. The 
argument of Lemma |10.2| applied fiberwise gives a fiber preserving isomorphism of 
Urnr-\N) with f-^{N). 

We may choose our neighborhood N so that there exists a smooth vectorfield v 
who's time 1 flow $^ takes M" x Tp to N. We may lift w to a vectorfield v' on 
M"' X Tg"''™ who's time one flow exists and has image f^^{N). We therefore 
have a fiber preserving isomorphism between f~^{N) and the entire domain of /. 
Therefore, for any point q (z N, the following is an exact sequence: 

— > H*{N) — > H*{UnN) — > H*{UnTT-\q)) — > 

This is true for any intersection U of members of our finite good cover of 7r^^(A^). 
Therefore using the Mayer Vietoris sequence, the five lemma and induction over 
the size of a good cover, we get that the following is an exact sequence: 

— > H*iN) — > H*{t:-^N) — > H*{Tr-\q)) — > 

Lifting the vectorfield u to a smooth vectorfield on A gives a fiber preserving 
map which takes A into 7r^^(A^). Therefore given any point q in M" x T™, 

iJ*(M" X T'^') H*{A) H*{TT-\q)) 
is an exact sequence, as required. 

□ 



DE RHAM THEORY OF EXPLODED MANIFOLDS 



29 



Corollary 11.2. Cohomology does not change in connected families of exploded 
manifolds. Given any connected family tt : A — > B of exploded manifolds and two 
points p,q S B, there exists an isomorphism ip : H*{t:^^{p)) — > H*{TT~^{q)) which 
preserves wedge products and integration. 

Proof: 

First suppose that p and q are contained inside a single coordinate chart M" x T™ 
on B. We may not be able to use Lemma [TO] because P may not be bounded. On 
the other hand, we may simply chose a bounded polytope P' d P which contains 
both p and q. Then we may restrict our family to M" x T™, and apply Lemma 
to see that 

H*{tt-\p)) = H*{n-\R" X T^,))A*i^*(K" x T™, ) = H*{TT-\q)) 

As pullback maps preserve wedge products, this isomorphism preserves the prod- 
uct structure. To see that it preserves integration, suppose that the dimension 
TT~^{p) is k. Represent a class 6 E H^{'!i^^{p)) as a closed differential form 
9 G VL^{'k~^{W'' X Tp, )). Restricting 6 to Ti^^{q) is how our isomorphism is con- 
structed. Integrate this class along the fiber to get 'k\{9), which is a closed 0-form 
on K" X Tp, . In other words tti (6*) is a constant function - so the integral of 9 along 
'K~^{p) is equal to the integral of 9 along 7r~^(g). Therefore, the above isomorphism 
respects both integration and wedge products. 

In general, as B is connected, we may choose a finite sequence of points p — 
Po,Pi, ■ . ■ ,Pn — q so that pi and pi+i are in the same coordinate chart. Then 
applying the above argument to each of the above coordinate charts gives that 
H*{'K~^{p)) — H*{'K''^{q)) where the isomorphism preserves wedge products and 
integration. 

□ 

Note that the cohomology of different fibers in a family is not necessarily canon- 
ically isomorphic. If the base of the family is not simply connected, then different 
homotopy classes of paths in the base may correspond to different isomorphisms. 
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